ON PECARIC'S INEQUALITY IN INNER PRODUCT SPACES 
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Abstract. Some related results to Pecaric's inequality in inner product spaces 
that generalises Bombieri's inequality, are given. 



1. Introduction 

In 1992, J.E. Pecaric [21 proved the following inequality for vectors in complex 
inner product spaces {H; (•, •)). 

Theorem 1. Suppose that a;, j/i, . . . , ?;„ are vectors in H and ci, . . . , c„ are complex 
numbers. Then the following inequalities 
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(1.1) 



i=l 



i=i \j=i 

n In 
^ — ' l<i<n \ ^ — ' 



hold. 



He also showed that for — [x, yi), i £ {1, n} , one gets 

Cn \ n / ^ 

n I 

< ikf E Ei(y*'2/j)i 

^ — ^ l<2<n I ^ — ^ 

2-1 - - \^-l 

which improves Bombieri's result [[] (see also |21 P- 394]) 

n in 

(1.3) ek^^'?^*)!^ ^ ii-^f Ei(y*'^j^ 

— ^ l<i<n \ ^ — ^ 

i-1 - - \j-l 

Note that (|1.3|) is in its turn a natural generalisation of BesseVs inequality 

n 

(1.4) El(^'^»)l'^ ll^ll'' 
which holds for the orthornormal vectors (ei)]^<j<„ . 
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In this paper we point out some related results to Pecaric's inequality Hl.l|l . 
Some results of Bombieri type are also mentioned. 



2. Preliminary Results 
We start with the following lemma that is interesting in its own right. 



Lemma 1. Let zi, . . . , z„ e _ff and ai, . . . , q;„ G K. Then one has the inequalities: 



(2.1) 




11 ''-]) 



pecarkS inequality 



max \ai\^ J2 K^ii^i)! > 



l<i<n 



l<i<n 



/ \ S\ Sg 

n 1 n \ 



max \a^\ ^ \a,["^ ^ K^^i,^:^)! E E \{zi,Z3 



i=l J \ i,j=l / \ %=\ \ j=l 



max |ai| (^E l^il'^J ( EJ(^i>2j)lJ max ( 



l<i<« 



/ \ /3\ ^ 

n I n \ 



max |a.| E l^.l"" E E E \{z^,z,)\ 



i=i / yi,j=i y y i=i Yj=i 

1 

/3\ P/3 



n \ ap / n \ iq I n I n 

El".rn EKr E El(^i,^i) 

i=l / \i=l / \ i=l 

X f E f E J z/a > 1, i + i = 1 and 7 > 1, i 




ifa>l, - 



max |ai| ^E Ic^iTj m^^ I E 1 I EJ(^i>^j)l 



p / n \ -,g In \ I n / n 

El«.n (El"irj max ( E e(EI(^.,^.)I 



p / n \ g n 

El«.r) (Ehd'j maxfEK^., 



w/iere p > 1, ^ + ^ = 1. 



Proof. We observe that 
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(2.2) 



n n 

1=1 j=l 

n 

i=i j=i 



i=l 3 = 1 



i=i j=i 



If one uses the Holder inequaUty for double sums, i.e., we recall it 



(2.3) 



where mij,aij,bij > 0, i + ^ = 1, p > 1; then 



(2.4) M<K]|(z„z,)|K|M l^|(z„z,)IK: 



n / ?^ 



n / n 



and the first inequality in l|2.1|) is proved. 
Observe that 



n In 



max |a/ K^i^^jOl ; 



< < 



n I n 



if«>i, ^ + i 



E max 



i=l 



l<i<n \ J — 1 



giving 
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(2.5) 



max^|a,| I \{zz,Zj)\ 



< < 



1=1 



ap I n / 



/3\ ^ 



E El 



, y^j J 



if a > 1, i + ^ = 1; 



E 1"/ max ^ 



Similarly, we have 



(2-6) IJ^kMEK^-^^)! 



< < 



max |ai| 



EKrj'' ( e (e I if7>i, i + 



E |a» 



l<i<n 



E 10 



Using (|2.1|) and H2.5f) - p.6|l . we deduce the 9 inequalities in the second part of 

If we choose p = q = 2, then the following result holds. 
Corollary 1. If zi^ . . . , Zn ^ H and ai, . . . , G IK, then one has 



(2.7) 



y^^ajZi 

i=l 
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max \ai\^ J2 



l<i<n 



max |ai| I" 



l<i<ra 
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i=l 



n I n 
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l<i<n 



max \a,\ [ J2 ) I E ) I E I E K^^^^jO 
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2a / n 
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3. Some Pecaric Type Inequalities 

We are now able to point out the following result which complements and gen- 
eralises the inequality P-lH due to J. Pecaric. 

Theorem 2. Let x,yi, be vectors of an inner product space (H; (•, •)) and 

ci, . . . , c„ G K. Then one has the inequalities: 

(3.1) 
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,j=i // Vi=i Vj=i 



max |ci|^ J2 \{yi,yj)\\ 



l<i<n 



l<j<n 



i=l 



(5\ 55 



n I n 



max Id E Ic^r" E E E \iyi,yj)\ 



7 5 



max |ci| ( J2 |c: 



l<i<n 



I E^ 1 max I ^ 



msax |ci| E 



l<i<n 
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-rq I n in 



<5\ ^ 



n I n 



E El(y.,%)l 

1 i=l V j=l 
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z/a > 1, i + i = 1 and 7 > 1, ^ + | = 1 
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( E 
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n I n 
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E Icil'^ max £ ; 



l<i<n 



w/iere p > 



1, i + i = l. 
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Proof. We note that 



i=l \ i=l 



Using Schwarz's inequality in inner product spaces, we have 



(3.2) 



< X 



i=l 



Finally, using Lcmmanwith = c^, Zi — yi (i = 1, . . . , n) , we deduce the desired 
inequality H3.1|l . | 



Remark 1. // in \S. 1\) we choose p = q ~ 2, we obtain amongst others, the result 
J(l due to J. Pecaric. 



4. Some Results of Bombieri Type 
The following results of Bombieri type hold. 

Theorem 3. Let x,yi, . . . ,yn € H. Then one has the inequality: 



(4.1) 5;]i(x,yoi' 



< ibii 



Y.\ix,y.)\'' \ Y,\iy.,y,)\ 




where p > 1, | + ^ = 1. 
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Proof. The proof follows by Theorem El on choosing Ci ~ {x,yi),i e {1, and 
taking the square root in both sides of the inequalities involved. We omit the 
details. | 

Remark 2. We observe, by the last inequality in \4-l\ , we get 

'"^ - < Ikf max V|(y»,2/j)| , 

l<«<n j 

where n > 1,- -\- - = 1. 

// in this inequality we choose p = q = 2, then we recapture Bombieri's result 

113. 
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